, † 0. Introduction.
1 j , the bidisk of radius 1 j . Now the Kobayashi distance on U j and U j \ C can be calculated explicitly and one can see from this explicit form that it is complete, see e.g. , Ch.2. The utility of complete hyperbolic neighborhoods in the theory of complex hyperbolic manifolds, first observed by Kiernan and Kobayashi, has become standard since. The fact that this result remains true for any almost-complex structure is somewhat suprising. Really, given any germ of a non-singular real surface C ∋ 0 in R 4 , one can easily construct an almost-complex structure J in a neighborhood of zero such that C becomes a J-complex curve. Note also that because of the non-existence of Jholomorphic functions for general J, the hyperbolicity of U \ C for a J-complex curve C is not evident either.
An open subset Y in an almost-comlex manifold (X, J) is called locally complete hyperbilic (l.c.h.) if for every y ∈Ȳ there exists a neighborhood V y ∋ y such that V y ∩ Y is complete hyperbolic. An example of this situation we shall have in mind is when (X, J) is an almost-complex surface and Y = X \ D, where D = ∪ k D k is a (reducible) curve with irreducible J-complex components D k , which do not have cusps. Our theorem insures that such a Y is l.c.h.
The following proposition is due to in the case of complex manifolds . Its proof goes through for almost-complex manifolds as well. 
Proposition. Let Y be a relatively compact l.c.h. open subset of an almostcomplex manifold (X, J). Y is hyperbolically imbedded into X if and only if Y does not contain J-complex lines and admits no limiting J-complex lines.
Recall that an open subset Y of an almost-comlex manifold X is called hyperbolically imbedded into X if for any two sequences {x n }, {y n } in Y converging to x ∈Ȳ and y ∈Ȳ , respectively, one has that lim n→∞ k Y,J (x n , y n ) > 0. Here k Y,J denotes the Kobayashi pseudodistance on the manifold (Y, J). It it worth observing that if Y is hyperbolically imbedded into (X, J) and is l.c.h. then (Y, J) is complete hyperbolic, see [Ki] . As in the integrable case, by a J-complex line we understand a non-constant J-holomorphic map f :
Here h stands for some J-Hermitian metric on X. A J-complex line f is said to be a limiting line for Y if f (C) ⊂ ∂Y and for every radius R there exists a sequence f R n : ∆(R) → Y of J-holomorphic maps of the disk of radius R into Y converging uniformly to f | ∆(R) .
Using the Brody reparametrization lemma we can (and we shall always) assume
An immediate consequence of our theorem and this proposition is the following By an immersed J-complex curve we mean here the image of a J-holomorphic map u : S → X of a compact Riemann surface S, such that du never vanishes (i.e. , u(S) is a curve without cusps). Let us state one more corollary, which in fact was our initial motivation for considering the existence of complete hyperbolic neighborhoods. 
Nonemptyness of H ω,5l is the theorem of Bloch. Really, for the standard complex structure on CP 2 and standard complex lines D 1 , ..., D 5 in general position the complex manifold CP 2 \ D is Kobayashi hyperbolic. Therefore we obtain plenty of examples of almost-complex hyperbolic manifolds of this type (i.e. compact manifold minus a reducible J-complex curve).
Version of 1.2.
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We are interested here in the case of almost-complex surfaces, because a generic almost-complex structure J on a manifold of higher dimension does not possess any J-complex hypersurface even locally.
We would like also to point out that the following convention is applied throughout this paper (and was already used in this introduction): if we use some statement or definition and refer to the original paper (where this statement/definition is proved/formulated for the integrable case), this means that the same proof/definition goes through also in the non-integrable case and no additional discussion is needed. The reader is supposed to look at the original paper or, if she/he prefers to have everything in one place the book The composition of the paper is the following. In §1 we recall very briefly a few facts from (almost)-complex hyperbolic geometry. In §2 we state the principal result of this paper, a sort of "gauge invariant Schwarz lemma", and deduce theorem from this lemma. In §3 we give the proof of this Schwarz lemma. In the last paragraph we give the proofs of Corollaries 1 and 2 and some others results. Let (X, J) be an almost-complex manifold. For every two sufficiently close points p and q in X, there exsists a J-holomorphic mapping u : ∆ → X such that u(0) = p and u(a) = q, where a ∈]0, 1[ (see [De] , Lemma 1). This allows one to define the Kobayashi pseudodistance k X,J on (X, J).
For every point p ∈ X and every tangent vector v ∈ T p X, there exists for some R > 0 a (non-unique) J-holomorphic map u : ∆(R) → X with u(0) = p and d 0 u(
It is therefore possible to introduce the Royden infinitesimal pseudonorm and prove that the integral pseudometric generated by this pseudonorm coincides with the Kobayashi pseudometric. In the case when this pseudometric is actually a metric (i.e. (X, J) is Kobayashi hyperbolic), this metric induces the given topology on X (by a theorem of Barth [Bt] , see also [Kr] ).
If (X, J) is not hyperbolic then the result of Brody [Br] states that 4 R. DEBALME S. IVASHKOVICH
where O J (∆; X) denotes the space of J-holomorphic maps from the unit disk ∆ to X, and h is a J-Hermitian metric on X.
The proof of the following fundamental result, known as Brody's reparametrization lemma, does not uses the integrability of J. Let (X, J) be an almost-complex manifold. Let f : ∆(R) → X be a J-holomorphic map with d 0 f (
Then there exists a J-holomorphic mapf : ∆(R) → X such that
A combination of (1.1) and (1.2) implies that a compact almost-complex manifold (X, J) is not Kobayashi hyperbolic if and only if it contains a J-complex line, see [De] or [KrOv] for more details.
Local complete hyperbolicity in (R 4 , J).
We are going to construct a basis of complete hyperbolic neighborhoods of the origin in (R 4 , J), where J is an arbitrary almost-complex structure of class C 1,α , 0 < α < 1.
There exists a local coordinate system (z 1 , z 2 ) in a neighbourhood of 0 such that our almost-complex structure in these coordinates has the form
and J(0) = J st , the standard structure of C 2 . If moreover, a non-singular J-complex curve C ∋ 0 is given, we can arrange that in this coordinate system C is defined by z 1 = 0, see [Sk] .
Consider the structure J ε (z 1 , z 2 ) := J(εz 1 , εz 2 ). All we need to prove is that, for ε small enough, the unit bidisk ∆ 2 := {(z 1 , z 2 ) : |z 1 | < 1, |z 2 | < 1} and ∆ 2 \ {z 1 = 0} are complete hyperbolic with respect to J ε . Denote by z = x + iy the coordinate on
2 ). The Cauchy-Riemann equation for the first component is
where A(u(z), v(z)) is a 2x2 real matrix. An obvious transformation gives 
The second function v will be considered as a parameter. For functions, tensors etc. defined on the open subset W ⊂ R N , by the C k (W )-norm of an object T we shall mean
The following Schwarz-type lemma due to Gromov gives us a C 1 -bound on the parameter v.
Therefore there exists (another) C such that for every Suppose a relatively compact domain D ⊂ C is given. Fix some universal covering map π : ∆ → D. Suppose µ 1 , µ 2 ∈ C 1 (R 6 ) are given and have finite (in the sequel sufficiently small) C 1 (R 6 )-norm. Let us consider the generalized Beltrami equation (2.1) for C 1 -mappings u : ∆ → D. We suppose that the C 1 (R 2 )-norm of the parameter v is bounded by some C. Further, for a C 1 -map u : ∆ → D denote by u π any single-valued branch of π −1 • u. Denote by λ the coordinate on the universal cover ∆. Let also ϕ a (λ) = a−λ 1−āλ be the authomorphism of the unit disk interchanging a ∈ ∆ with the origin. Equation (2.1) rewrites for u a,π := ϕ a • u π as
In the next paragraph we shall prove the following Schwarz-type lemma:
Lemma 2.2. There exists an ε = ε(π, C) > 0 and a constant K = K(π, C, ε) < ∞, such that for every C 1 -solution w : ∆ → ∆ of (2.3) with coefficients and parameters satisfying µ 1,2 C 1 (R 6 ) ) < ε, v C 1 (∆) < C and such that w(0) = 0, we have the following estimate
Remark. 1. When one proves the statement, which is now called the SchwarzPick lemma for holomorphic mappings u : ∆ → ∆, one proves in fact two statemets. Firstly, the Schwarz lemma, which gives the universal bound for the absolute value of the derivative of u provided u(0) = 0, i.e. , one obtains |du(0)| 1. Second, using "the gauge invariance" of the homogeneous Cauchy-Riemann equation with respect to the "gauge group" G := Aut Hol (∆), one obtains the "gauge invariant" form of this statement:
which means exactly the completeness of Kobayashi metric on the unit disk. The generalized Cauchy-Riemann (or Beltrami) equation (2.1) has no symmetries except for very special µ's. Therefore, instead of considering only one equation we "symmetrize" the problem and consider the whole family of equations (2.3) with a parameter ϕ a ∈ G, our gage group. Uniform estimate (2.4) of the derivative at zero allows us to make the same conclusions as for the standard Cauchy-Riemann equation, because the problem is now "enforced" with nessessary symmetries.
2. However the price for this is that the coefficients of (2.4) are no longer bounded in any Sobolev or Hölder space as the parameter a → ∂∆. They are bounded in the sup -norm only, and this is clearly not sufficient to bound the derivative at zero. The trick is (see Step 1 of the proof in the next paragraph) that there is an a priori bound for the solutions w of (2.4) satisfying w(0) = 0 in the Hölder norm on a neighborhood of zero. This allows us to control the Hölder norm of the coefficients and apply elliptic bootstrap one more time (see Step 2).
Proof. As we have already explained, by taking J close to J st we can bound the components (u, v) of a J-holomorphic map f : ∆ → ∆ 2 using Gromov's lemma. The explicit form of q A and consequently of µ 1,2 shows that, again by taking J close to J st , we can ensure that µ 1,2 C 1 < ε for the ε from Lemma 2.2 applied to the identity covering π = Id : ∆ → ∆. Let u(0) = a. Applying Lemma 2.2 to w = ϕ a • u, we obtain that dw(0) ≤ K, where K does not depend on w.
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But dw(0) = 1 |a| 2 −1 · du(0) and therefore, for every solution u : ∆ → ∆ of (2.1) such that u(0) = a, one has
, by the definition of the Kobayashi-Royden pseudometric.
The same considerations apply, of course, to the second component of (u, v) .
which gives us the desired conclusion.
Proof. Let us apply Lemma 2.2 to the universal covering π :
. For a solution u : ∆ → ∆ * of (2.1), set a = u(0) and b = ln(a)
Therefore c is one of the preimages of a under the covering map π. Take the single-valued branch u π of π −1 • u such that u π (0) = c, and consider w = ϕ c • u π , a solution of (2.3). Lemma 2.2 gives us that dw (0) K, where K does not depend on anything involved. But direct computation shows that
and hence
for a close to zero. By the definition of the Kobayashi-Royden pseudometric, for every vector (ξ, 0) in
for a close to zero, and therefore, k ∆ 2 \∆ * ,J ((a, b), (ξ, η)) = (
The consequence is that every path leading to 0 has infinite length, which proves the corollary. Proof. Suppose that the conclusion of the lemma is not true. Let (h n ) be a sequence of mappings h n : ∆ → ∆, h n (0) = 0, solutions of (2.3), such that |dh n (0)| → ∞. For each n, denote by v n the corresponding functional parameter and by a n the corresponding parameter in ∆.
Step 1. There exists δ > 0 and n 0 such that, for n n 0 h n ∈ C 0,
) and {h n } n n 0 is a bounded set in this space.
Consider a test function ρ which is C ∞ and such that ρ ≡ 1 on ∆ 3 4 and ρ ≡ 0 outside ∆, and denote h ρ n = ρh n . The equation (2.3) for h n , written in terms of h ρ n , gives
, defined respectively as
and
T CG and T CZ are bounded linear operators in Sobolev and Hölder spaces. Let us denote by C k,p the norm of
. By A k,p and A k,α we denote the similar constants for
Here always k 0, 1 < p < ∞ and 0 < α < 1.
We know that∂ • T CG = Id and that T CZ = ∂ • T CG . We also know that on the closure in L 1,2 of the space of compactly supported C ∞ maps, T CZ •∂ = ∂ and T CG •∂ = Id. We remark that the h 
We remark that h n g 1 + h n g 2 is a bounded sequence in L 4 (∆, R 2 ). Indeed, h n takes its values in ∆ and g 1 and g 2 are bounded. Since ||T CZ || L 4 is bounded, and as µ 1 and µ 2 are as small as we want, this operator is invertible. Therefore,
is a bounded and equicontinuous family of mappings on compacts in ∆. From the theorem of Ascoli we deduce that it is compact, and extract from it a converging subsequence. Therefore, (h n ) converges uniformly on ∆ 3 4 to a mapping h :
) starting from some n >> 1.
Step 2. There exists n 1 such that h n ∈ C ). Therefore
. This is a bounded sequence in C 0, 1 2 (∆, ∆). All we need to prove is that {f n } is bounded in C 1,
). We see that f n satisfy
with µ 1 v n ,a n (z, f n ) and µ 2 v n ,a n (z, f n ) uniformly bounded in C 0, 1 2 (∆, ∆). We can repeat now the reasonings from Step 1 applied to f n instead of h n and arrive at equation (3.2) but considered in Hölder spaces. In this way we get the boundedness of f n in C 
Corollaries.
We shall prove Corollaries 1 and 2 from the Introduction first . The crucial point in the proof is the following statement about the positivity of intersections of J-complex curves due to [M-W] . i) The set
ii) The intersection index δ p of M 1 and M 2 at any such point p ∈ Q is strictly positive. Moreover, if µ 1 and µ 2 are the multiplicities of u 1 and u 2 in z 1 and z 2 , respectively, with u 1 (z 1 ) = u 2 (z 2 ) = p, then the intersection number δ p at p = u j (s j ) is at least µ 1 · µ 2 ;
iii) δ p = 1 iff M 1 and M 2 intersect at p transversally. We shall need the following topological description of the total intersection number δ = p∈Q δ p of M 1 and M 2 .
Take a sphere S r of radius r around the origin, which bounds the ball B r . Then, for r small enough, the intersections M i ∩S r are transversal, and moreover, since Q is at most countable, we can find r > 0 as small as we wish with γ The positivity of intersections of J-complex curves implies that if M 1 and M 2 do intersect at zero, then this linking number is not zero (and is positive).
Proof of Corollary 1. All we need to check is that Y = X \ D does not admit a limiting J-complex line. Let u : C → D be a limiting J-complex line for Y = X \ D and let u(C) ⊂ D 1 for definitivity. u(C) cannot be contained in D 1 \ Sing(D), because this curve is assumed to be hyperbolic. Therefore there exists z 0 ∈ C such that p := u(z 0 ) ∈ D 1 ∩ Sing(D). Take as M 1 the piece of D 1 which containing the image of the germ of u at z 0 and as M 2 a germ of any other branch of some D i passing through p.
Chose a sphere S r as above. Take some R such that ∆(R) ⊃ u −1 (M 1 ). Let u n : ∆(R) → Y be J-holomorphic mapping approaching uniformly to u. Then for n >> 1 the linking number l(γ n , γ 
